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Isotrivial unfoldings and structural theorems for 
foliations on Projective spaces. 

Federico Quallbrunn 

Abstract. Following T. Suwa, we study unfoldings of algebraic foli¬ 
ations and their relationship with families of foliations, making focus 
on those unfoldings related to trivial families. The results obtained in 
the study of unfoldings are then applied to obtain information on the 
structure of foliations on projective spaces. 


1. Introduction 


The objective of this work is twofold. 

In a first stance, we want to investigate the relation between unfold¬ 
ings and families of foliations in algebraic varieties (see definitions below), 
specially those unfoldings relate d with trivial families. In this respect our 
principal result is Theorem l2.12l . which can be viewed as a generalization of 
m chapter 7]. 

In a second stance, we apply our results on unfoldings and deformations 
to study foliations on P” whose degr ee i s low with res pec t to n. In this 
respect our main results a re T heorem l5.2l and Corollary Is.a . 

The result of Theorem l5.2l is obtained here by considering unfoldings of 
foliations on P^. 


The concept of unfoldings of foliations and its relations with deformation 
theory of foliations were first introduced and studied by Suwa in a series of 
papers (see [SlOl lllj and references therein). 

An unfolding of a foliation Jp on a variety A is a ’’bigger” foliation A 
on a variety X x S whose leaves contains those of Xq (see below for a precise 
definition). So we can always think of a foliation of codimension q on P*^ 
as being birationally equivalent to an unfolding of a foliation by curves on 
P'5'+^. This, in general, does not provide us with much information, but 
under certain hypotheses we can control what kind of unfolding we may 
consider. 

The special kind of unfolding that will give us structural information 
on the foliation will be Isotrivial unfoldings. Unfoldings may be thought 
of as special kinds of families of foliations, a family on which not only the 
differential equations defining the foliation vary continuously but also the 
solutions i.e.: the leaves vary continuously as well (this is, of course, very 
vague, again, see bellow for precise definitions). Isotrivial unfoldings are 
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those that are related to trivial families of foliations, with this vague intu¬ 
ition, they are families in which the equations stays still while the solutions 
vary. They were studied by Suwa in the infinitesimal case, see m- 

Here we generalize Suwa’s results on isotrivial unfolding to be able to 
deal with unfoldings and families parametrized by arbitrary schemes. It 
turns out that isotrivial unfoldings have a rather rigid structure and so being 
able to identify a foliation on with an isotrivial unfolding says something 
about the structure of the foliation. 


In Section [3 we give the principal definitions and state the theorems on 
unfoldings that will serve us as tool s to c onclude statements about foliations 
on P*^. The main result is Theorem 2.121 which can be viewed as a first step 
in determining the representation of the functor that to every scheme S 
associates the unfoldings of a given foliation parametrized by S, although 
such a line of investigation will not be pursued in this work. 

In Section 0 we explain how foliations on P”' may be considered as giving 
rise to unfoldings of foliations by curves, and when this unfoldings may be 
taken isotrivial. 

In Section 0 we deal with the technical issue of transversality, which is 
a condition we need to have to be able to apply the results of Section [2. 

Finally, in Section H we apply the results of the previous sections to 
conclude some structural statements on foliations on P’^(C). In partic ular . 
Theorem 5^ follows as a particular case of a statement (Proposition l5.ll ) 
valid for arbitrary dimensional foliations, although restrictions on the degree 
are always required. 


The author was supported by a post-doctoral grant of CONICET. The 
author is grateful to Jorge Vitorio Pereira for useful suggestions, and for 
corrections of crucial mistakes in earlier versions of this paper. Also grati¬ 
tude is due to Ariel Molinuevo for introducing the author to the concept of 
unfolding of a foliation, and to the Algebraic Geometry Seminar of Buenos 
Aires for its nurturing atmosphere and overall support. 


2. Isotrivial unfoldings 

In order to treat infinitesimal unfoldings and its relations with deforma¬ 
tions of foliations we will need to consider non-reduced schemes, and gen¬ 
eralize the notion of a foliation to this setting. Luckily, a straightforward 
generalization will serve our purposes just fine. 

Definition 2.1. Let A be a (separated) scheme of finite type over an al¬ 
gebraically closed field k. An involutive distribution over A is a subsheaf 
Tjr ^ that is closed under the Lie bracket, i.e.: for every open sub¬ 
scheme U <Z X we have 


[TT{U),TT{U)] C TT{U). 
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The annihilator of an involutive distribution I{J-) := ann(TJ-') C is an 
integmble Pfaff system. An integrable pfaff system I verifies the equation 

r 

d{I{T))A/\l{F) = Ocn^+^; 

where d : -A is the de Rham differential, and r is the generic rank 

of the sheaf The generic rank of TT” will be called the dimension of 

the foliation and noted dimJ-”. 

Although there is no form of the Frobenius integrability theorem valid 
for any scheme (possibly non-reduced) of finite type over a field, we will still 
refer to the data of an integrable Pfaff system or an involutive distribution as 
a foliation. Note that with this definition foliations may have singularities. 

Definition 2.2 (Pull-back of foliations). Given a morphism p : X ^ y 
and a foliation on y defined by a Pfaff system I{iF) C By considering 
p* : ^ Q,\,{p~^U) the pull-back of 1-forms we define a foliation p*P' 

on X by defining its Pfaff system to be the one generated by the pull-backs 
of forms in I{iF). We call this the pull-back foliation of the foliation T. 

Definition 2.3 (Unfolding). Let A be a non-singular algebraic variety over 
an algebraically closed field and let J-q be a foliation on X. Let S be any 
scheme (of finite type over the base field of X) and s € S a closed point. We 
denote by tti and 7r2 the projections of A x S' to A and S respectively. We 
denote by Dtt 2 the differential map 

Dn 2 \^^.s) ■■ T{X xS)(^ k{{x, s)) ^TS(^ k{s). 

An unfolding of Fq parametrized by (S', s) is a foliation A on A x 5 such 
that 

(1) The restriction of A to A x s is Aq i.e.: if we take the pull-back 
foliation i*(A) as in the above definition we get t*(A) = Aq, here 
iiAxs^AxS'is the inclusion. 

(2) Dimensions of A and Aq are related as thus: dim A = dimAo -|- 
dimS'. 

In the case where A and S' are non-singular varieties over C, the leaves 
of the foliation Aq are contained in the larger dimensional leaves of the 
unfolding A. 

Now we remind the definition of the relative tangent sheaf. Given a 
morphism f : X ^ y the relative tangent sheaf TfX is the dual of 
Remember that A/A is naturally a sub-sheaf of the tangent sheaf TX, its 
sections are the vector fields on TT that are tangent to the fibers of /. In 
the case where f = tt 2 ■ X x S ^ S is the projection we note A-j (A x 5) = 
Ts{X X S') and similarly with the other projection. 
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Remark 2.4. In the case of the product of X and S we have the decompo¬ 
sition of sheaves. 

T{X X 5) ^ Ts{X xS)®Tx{Xx S). 

Moreover we have 

Ts{X X S)^7rl{TX), TxiXxS)^ vr^ {TS ), 
where vri and 712 are the projections. 

Remark 2.5. Let Xq be a foliation over a variety X and X an unfolding of 
Xq parametrized by (5, sq). Then X induces a family of foliations over X 
parametrized by S (see [Tj) in the following way: 

Let I{X) be the Pfaff system associated with X. Let p : 

projection from the sheaf of differential to the sheaf of relative 
differentials. We set Is{X) := p{I{X)) C Note that Is{X) is a 

family of integrable Pfaff systems in the sense of such that its restriction 
to So is liXo). 

We can calculate the annihilator TsX of Ls(T') which will be, of course, a 
family of involutive distributions. Indeed we obtain Tg {X) as the intersection 
of the subsheaves TX and Ts{X x S) oiT{X x S). 

In general, given a family of foliations, it is not possible to glue the leaves 
of the different foliations in the family to higher dimensional leaves. So not 
every family of foliation comes from an unfolding, as a matter of fact, that 
is almost never the case. 

Definition 2.6 (Isotriviality). We say the unfolding X of Xq is isotrivial 
if it induces a trivial family of Pfaff systems (equivalently of distributions), 
i.e.: if Is{X) = 7r|/(To) as subsheaves of f^xxS| 5 ’ where vri : X x 5 ^ X is 

the projection and the morphism vrjj' : <8) OxxS ^xxS pull-back 

of forms. 

Definition 2.7 (Transversality). Given a foliation Xq and an unfolding X 
of Xq parametrized by (5, sq) we have exact sequences. 

0-^ TsX -^ Ts(X X S) -^ NsX -^ 0 

0-^ TX -^ r(X X S) -^ NX -^ 0. 

Where TsX is defined as in Remark l2.5l . We say X is transversal to S if 
NX/NsX = 0. 

Example 2.8. Let X = AT = Spec(A;[xi,..., Xn]) and S = hf = Spec(A:[y]) 
be affine spaces. Let Xq be a foliation on hX with tangent sheaf TXq = 
A:[xi,..., Xr/\ ■ (Xi,..., Xr), the Xj’s being vector fields on A"". 

Lets see what an isotrivial and transversal unfolding X of Xq parametrized 
by should look like. 
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In the first place, being isotrivial, the subsheaf T^iJ' Q TJ^ will be 
generated by the vector fields Xi ,..., Xr , viewed as vector fields on A"' x . 
So we can write TT as generated by vector fields Xi,..., Xr,Yi,... ,Ys. Now 
as T is an unfolding of Tq, then Yi,... ,Yr must span a space of dimension 
< 1 on the tangent space to each point. So we have 

TX = k[xi,... ,Xn,y] ■ (Xi,... ,Xr,Y). 

Moreover, as J- is transversal over A^, we can write Y = Y + where 

Then the involutivity of implies that, for each fixed j/o ^ we have a 
vector field y(—,yo) on that verifies 

lTXo,Y(-,yo)]CTXo. 

Note that every family Y of vector fields on A"' satisfying the above condition 
give rise to an isotrivial transversal unfolding of Xq. 

Essentially, the same is true for any isotrivial transversal unfolding of 
a foliation on a non-singular variety X, although the role of the family of 
vector fields Y will be taken by a section of a certain sheaf on the parameter 
space S. The rest of the section is devoted to the generalization of the above 
example. 

Definition 2.9. Remember that, given an involutive distribution TX, the 
bracket of vector fields defines a map [—, —] : TX ® NX —)• NX known as 
Bott connection. Using the Bott connection we will define a subsheaf of 
NsX, which we call u(J^), as the subsheaf of NsX whose local sections on 
an open set V G X x S are the following; 

u(.A)(U) :=Def {S G NsX{V) s.t.: [TsX,s] = 0}. 

Note that u(J-') is not a coherent subsheaf of NsX but only a subsheaf of 
fe-vector spaces. 

Notation 1. We denote T(Jo) :=Def r(X,u(J^o))- 

Remark 2.10. The sheaf u(J-') inherits from Ts{X x S) the structure of a 
sheaf of Lie algebras. Indeed, if IT C Ts{X x S) is the preimage of u(J^) by 
the projection Ts{X x S) —)■ Ns{X), then TsX is an ideal inside of W. In 
particular T(X) is a Lie algebra over the field of definition k. 

The sheaf u(J^) will be useful to study the relation between infinitesimal 
unfoldings (i.e.: those parametrized by the Spec of artinian algebras) and 
unfoldings parametrized by varieties such as 


Let us begin by considering an unfolding A” of a folia tion Xo parametrized 
by S, that is a foliation over X x S. By Remark l2.4l we have a projection 
T(X X 5) —)• Ts{X X S), from this we get a projection 


T{X X S)/TsX -^Ts{X X S)/TsX = NsX. 
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We will focus now on the properties of the map uj- one gets by composing 

(1) TTjTsT T(X X S)lTsT NsT. 

Note that, when the unfolding is transversal, we have an isomorphism 
tt^TS = TT/TsT, so we can consider uj- to be a morphism 

vjr : tt^TS NsT. 

Proposition 2.11. If T is transversal to S then vjr{7rf^TS) is a subsheaf 
ofuiT)CNsT. 

Proof. Note that the statement is making reference to vr^^TS' C tt^TS, 
that is the sheaf of vector fields that are constant along the fibers of tt 2 . 

So, given a local section s € vjr{7rf^TS) we need to compute [r 5 J^, s]. 
To do this we take a pre-image of s, say 's £TT. As p 2 ■ T{X x S) ^ n^TS 
induces an isomorphism between TF/TsT and tt^TS and s G vjr{7rf^TS), 
we can take s of the form Y ^ Z with Y G vrjj'TX and Z G ■nf^TS. Given 
W G TsT we compute 

[w, 5] = [w, y + z] = [w, y] - z{w), 

as W{Z) = 0, being Z in -nf^TS. Then [IT, 5] is in vrjj'TX, and also in TT, 
so it is in TsT. Therefore \TsT, s] = 0. □ 


Theorem 2.12. Let X be a non-singular variety and Tq a foliation on 

X. 

There is, for each scheme S, a 1 to 1 correspondence: 

isotrivial transversal unfoldings 1 f ■sections v & H (S', (8> T(J-o) 

of T parametrized by S j | = q 

Proof. 

l.Form associated to an unfolding: Given an isotrivial transver¬ 
sal unfolding T of Tq we associate to it the map 


TTfTsT ^ NsT, 

as in eq. ([l|). As is transversal we have TTfTsT = Tx{X x S) = 
712 (TS). So we have a map 


vr : 712* (TS) ^ NsT. 

By Proposition 2. Ill , the image of 7r^^(rS) under vjr is a subsheaf 
of u(J^). Now, T being isotrivial implies that NsT = Trl{NTo) and 
that u{T) = 7rjj‘(u(Jo))- 

Then we have a global section vjr G G 7r*(A'J^o))) 

by Kiinneth isomor phism this is a section in (8) H^{NTo) 

and by Proposition |2.Ill this section actually belongs to 0 

H^{u{To)). So we get a global form 


vxeH^{S,nl)Z)T{To) 
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associated with an isotrivial transversal unfolding T parametrized 
by S. 

Now to establish the first part of the correspondence we need 
the following: 


Lemma 2.13. Let a foliation on a nonsingular variety X, 

and T an isotrivial and transversal unfolding of J-q parametrized 
by a variety S. The global 1-form vjr verifies the Maurer-Cartan 
equation: 

dvT + = 0 . 


Proof of Lemma 2.1,31 . Set v = vp, now given two vector 
fields Y and Z defined on S we use Cartan’s formula for the differ¬ 
ential 


dv{Y, Z) = Y{v{Z)) - Z{v{Y)) - v{[Y, Z]). 


Now we want to calculate v{\Y, Z]), for this we look at the definition 
of Vjr. 

Given a local section Y of T5 we look at it as a section of vr* (T S). 
As was noted above, transversality of J- gives us an isomorphism 
TF/TsX = 772 (TS'), associate to P a corresponding 

global section of TTjTpT. 


We then apply the res tric tion of the morphism pi : T{X x 
S) 7r*(T A) o f Remark l2.4l to the above section obtaining by 
Proposition l2.1ll a section of u(J'). 


So Y viewed as a section of T{X x S) is of the form Y -\-Y', 
with Y' in 7rj['(u(P)). Then we have Y' = v{Y). 

To calculate v{[Y, Z]) we first observe that 


lY,Zj = lY,Zj. 


Indeed, the isomorphism between TX/Tg and yrKTS) that we use 
to define Y comes from the inclusion of TX in T{X x S'), so it 
respects Lie brackets. So now u([y, Z]) is simply pi{\Y, Z\). 

We can write Y = Y + Y' and similarly with Z and, noting 
that pi{\Y, Z]) =0, compute 

Pi{[Y,Z\) = pi{[Y + Y\Z + Z'\) 

= [Y\Z']+pi{[Y,Z'])-pi{[Z,Y']). 

Now, as pi([P, Z']) = Y{Z') we have 


u([P, Zj) = [v{Y)MZ)] + Y{v{Z)) - Z{v{Y)), 


from which the Maurer-Cartan equation, and therefore the lemma, 
follows. □ 
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2.Unfolding associated with a form: Given u G n^)(g)T(Jo) 

we have an associated morphism 

R : 7r^(r5) ^ 7rt(iVJo). 

So we consider the morphism 

R © id : ir^iTS) 7r*(iV7b) © vr^(r5) 

given by R © id(s) = {v{s),s). We also have the projection cf) : 
T{X X S) ^ ttKNXo) © 7r|(T5). So we consider the diagram 

7r*2{TS) vrJ'(iVJb) ® ^* 2 {TS) / T{X x S). 

We then take C T{X x S) to be the sub-sheaf generated 
by (p-^ivi-ir^iTS))). 

The fact that the image of v is within T(J-()) and that v satisfies 
the Maurer-Cartan equation implies that TXy is involutive. 

Indeed, let Y and Z be local sections oiTX^, we need to check 
that [y, Z] is also a section of TJ-j;. So we take have section Y and 
Z in 712 such that 

cj){Y) = {v{Y),Y) 

ckiZ) = {v{Z),Z)). 

Moreover, we may assume that Z and Y are local sections of 
7r^^(T5), as this latter sheaf generates jr^iTS) and the general 
result will follow from the fact that the Lie bracket is a derivation 
on both of its inputs. So, given that Y, Z £ n^^iTS) we have 

</>([?, Z]) = mY),^{Z)] = 

= [Y, Z] + Y(viZ)) - Z{viY)) + [v{Y)MZ)] = 

= [Y,Z\+v{[Y,Z\). 

So, TXv is involutive. 

Also, by construction, induces a trivial family. Hence F^ 
is an isotrivial, transversal unfolding of Fq, associated to an u G 

H'0(5,L!i)©T(To). 

It follows routinely that the constructions of uf and of J© are inverse to 
each other. □ 

We thus see that the space Y{F) will be an important ingredient in 
studying isotrivial unfoldings of a foliation F. This space is acted upon by 
the group of automorphism of the foliation, that is the group 

Aut(J^) := {g G Aut(A) s.t.: g^{TF) = TF}. 

The Lie algebra of this group may be naturally identified with the global 
sections of the sheaf aut(J-') whose local sections are 

aut(J')(U) := {e G TX{V) s.t.: [TF,e] C TF), 
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SO Lie{k\xt{F)) = H^{X, out(J')). 

Remark 2.14. Note also that we have a short exact sequence of sheaves 
0 ^ TJ' —> aut(J') —> u{F) 0. 

In the particular case when H^{X,TF) = H^{X,TF) = 0, which will 
be important to ns later, we have the eqnality 

(2) Lze(Ant(7')) = out(7')) = H^{X,u{F)) = T(J'). 


In particular, in the case where X a complex variety and H^{X,TF) = 
H^{X,TF) = 0, there is an unfolding associated to the Manrer-Cartan form 
of the gr oup A nt(J^), which in this case take values in T(J^). So there is, by 
Theorem l2.12l . an unfolding associated to the Maurer-Cartan form. 

In the situation where X and S be varieties over C, Fq a foliation on 
X such that H^{X,TFq) = H^{X,TFq) = 0 and F a transversal isotrivial 
unfolding of Fq parametrized by S. Denote tt : S —>■ S' the universal covering 
of S, vmc the Maurer-Cartan form of Aut(J-o)- Let F un the nnfolding as¬ 
sociated to the Maurer-Cartan form (cf.; Remark l2.14l l. and v € D~(8)T(J-o) 
the pull-back of vjr by the universal covering map. A direct application of 
Darboux’s existence theorem gives us: 


Corollary 2.15. With hypotheses as in the above paragraph, there is a mor¬ 
phism f : S ^ Aut(To) such that v is the pull-back of vmc- Equivalently, 
f*{FMc) = t^*{F) as unfoldings of Fq. 

Example 2.16. Let Fq be a foliation by curves on the complex projective 
plane P^(C) such that aut(T')) / 0. Then TFq is a line bundle on 

so H^{X,TFo) = H^{X,TFo) = 0. Also, being a foliation by curves in 
implies that dimAut(J-o) <1- So there is an infinitesimal symmetry Y 
such that H^{X, aut(J')) = (Y) and 

Aut(To)° = exp(tT) ^ C*, 

where Aut(J-o)^ is the connected component of the identity. In particular, 
we have that the universal covering A of Aut(J-o)*^ is isomorphic as a complex 
variety to C. On A we have the Maurer-Cartan form 

UMC = dz®Y, 


here we are taking z to be a coordinate of A = C and we 
Lie(A) = Lie(Aut(Tb)) = (>")• 

Considering that Lie(Aut(J-o)) = and applying 

this gives us the unfolding F such that: 


are identifying 


Theorem 2.12 
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on X C. If w is the rational 1-form on P^ annihilating TTq, then 1-form 
annihilating is 

w = oj + Lo{Y)dz € flp2xc- 

so J- posses the integrating factor uj{Y) (considered as a rational function 
on P^ X C). Note that io{Y) considered as a rational function on P^ is an 
integrating factor for Yq. 

Remark 2.17. In a sense, the previous results generalize those of Suwa 
in m- There is proven, in the context of codimension 1 foliations on P*^, 
a correspondence between infinitesimal isotrivial unfoldings (i.e.: isotrivial 
unfoldings parametrized by k[x]/{x‘^)) and rational integrating factors of the 
foliation. In our context this is understood the following way: 

An infinitesimal isotrivial unfolding of a foliation F will be transversal 
on some open set t : U ^ As we have seen, a transversal isotrivial 
unfolding of l*F give rise to a global section s E T(l*F). Restricting the 
open set U further if needed we can take a section Y in Lie{Aut{i*F)) 
representing s modulo Tl*F. In other words T is a rational symmetry of F. 
It is well known, see [6], that to every rational symmetry of a codimension 
1 foliation in a complete variety corresponds a rational integrating factor. 
Thus we can recover Suwa’s theorem from HU. 

3. Foliations on P” viewed as unfoldings 

In this section we will be interested in foliations on P’^(C) up to birational 
equivalence. Moreover we will study the relations of foliations of arbitrary 
dimension on P’^(C) with foliations by curves on projective spaces of lower 
dimension. First we recall an important definition. 

Definition 3.1. A codimension q foliation F on P*^ is said to be of degree d 
if and only if the associated integrable Pfaff system I{F) have the property 
that 

An{F) ^Opn{-d-q-l). 

Given a foliation F on P’^(C) of codimension q, we fix a (rational, linear) 
projection p : P*^ --■> P'?'*'^. Now, let Grq_|_;^ be the Grassmannian of g -|- 1- 
dimensional linear spaces on P”, define the open set 

1/ = {P E Gr^.,.]^ s.t.: p\p : P -A is a (regular) isomorphism} C Grq_,_;^. 

Then we have for every P £ U a foliation in P'J+^ given by first restricting 
F to P and then applying the isomorphism p. Note that if F is of degree d 
so is every foliation on P'J+^ obtained this way. 

In other words, what we are doing here is considering the incidence 
correspondence Z = {(x,P) s.t.: x E Pj C P” x Grq_,_;^, intersecting with 
P” X P gives us 

z n (P” X p) ^ p'?+i X p 
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and hence we have a diagram 


pq+i X u 



P” U. 

So taking the pull-back of J- we have as a foliation on P'?+^ x U. Now, 
we can take the family of foliations over U induced by TTjiF, as in Section [3. 
Restricting U if necessary, we may assume that induces a flat fam¬ 
ily of involutive distributions over parametrized by U, lets call this 

family Fjj. We can characterize Fjj as follows, to each point u ^ U corre¬ 
sponds a. q + 1—linear space P and 712 is the projection from the incidence 
correspondence, so 

Fu\f<i+1x{u} = P{^\p)- 

By the results of [Tj Proposition 6.3] such a family defines a morphism 
between U and the moduli space of involutive distributions over P^+i of 
codimension q and degree d. This later space is TP'^'’'^((i — 1)). 

Then we have a morphism 

17^PR'°(P'^+\rP‘?+^((i-l)), 

the later being a projective space of dimension {q + 2) In 

particular if the dimension of U (which is that of Grg_|_;^) is greater than that 
of the target space, the morphism will have fibers of positive dimension. 

Remark 3.2. Suppose the dimension of Gr”^^ is greater than the dimension 
of p^ 0 (pg+i, 2 ^pq+i(^_ 1 ))_ Set R to be a fiber of so (pfr^ix) = V CU, 
note that V must have positive dimension. Then it follows from the universal 
property of the moduli space that the family Fu\v is trivial. In particular 
the foliation vrjj'T'lpq+ixy defines an isotrivial unfolding parametrized by V. 

4. Generic transversality 

Now we investigate conditions under which an isotrivial unfolding turns 
out to be also transversal, so we can apply to it the theory of Section [3. 

Definition 4.1. Let T” be a foliation on X x S' viewed as an unfolding of 
foliations on X. We define tXp to be the schematic support of the sheaf 
NF/NsF. 

The subscheme Ffl will be of interest as it is the locus of points where 
transversality fails. 

Recall that sing(T'), the singular locus of a foliation on a scheme X, 
is defined to be the schematic support of the sheaf £xt]^{NF,Ox) (local 
Ext). Similarly, if we have a family of involutive distributions parametrized 
by a scheme S its singular locus is the scheme theoretic support of the sheaf 

£xt],{NsF,Ox^s)- 


12 


FEDERICO QUALLBRUNN 


Lemma 4.2. Let X and S be non-singular varieties. Let T he an unfold¬ 
ing of foliations on X parametrized by S. Suppose that T is an isotriv- 
ial unfolding of a foliation Xq on X, and that fl sing(J^) = 0. Then 
STj: C sing(J'o) X S. 

Proof. As T is an isotrivial unfolding sing(J^o) x S' is the singular 
locus of the (trivial) family of involutive distributions induced by T. So let 
p fl sing(Jo) X S, then the localization {NsX)p is a free Oxx^-module and 
the short sequence 

0 — TsX 0 k{p) Ts{X X S) ® k{p) —>■ NsX 0 k{p) 0 

is exact, li p f sing(J') then the sequence 

0 TX ® k{p) —> T{X X S) <S> k{p) —NX (g> k{p) 0 

is exact. On the other hand we always have an immersion 

Ts{X X S)(^ k{p) -A T{X xS)® k{p). 

Then if p is a point neither in sing(J^o) x S nor in sing(J-') we have an 
immersion 

TsX 0 k{p) ^ TX 0 k{p). 

So we have another immersion 

TX/TsX(^k{p) ^Tx{XxS). 

As dirnTJ-” = dim TJ-q + dim S' the dimension of the above vector spaces are 
equal to dimS, so 

NX/NsX®k{p) = 0. 

Then, if p ^ sing(To) x S and p f sing(T'), the point p is not in SLji. □ 

Lemma 4.3. Let X and S be non-singular varieties over C, denote tti, 712 
the projections of X x S to the first and second factor, respectively. Let X 
he an isotrivial unfolding of a foliation Xq on X parametrized by S. Sup¬ 
pose that Xq is non-singular and that dim(sing(T')) < dim(T') — 1. Then 
7r2|sing(^) : sing(T') S is not dominant. 

Proof. This follows from Theorem 2.7 of HQ!, actually we will use the 
following weaker version of the theorem in m 

If we take the reduced structure sing(T')’’®‘^ C sing(T') then, at a regular 
point p of sing(T')'’®‘^, the image of the map 

TX 0 k{p) T{X X 5) 0 k{p) 

falls within the tangent space to sing(J-')''®‘^ at p. 

To prove our assertion suppose that sing(T') is dominant over S. Take p 
to be a regular point of sing(T')''®‘^. Then sing(T')’’®‘^ is dominant over S as 
well, so it has dimension at least that of S'. On the other hand by Theorem 
2.7 of |10] the image of 

(TXo) 0 k{Tri{p)) ^ ttUTXo) 0 kip) ^ TsX 0 kip) ^ T(A x 5) 0 kip) 
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falls within the tangent space to sing(J^)''®^ at p. And, as J-q is a non-singular 
foliation, we have that the dimension of that image is that of the leaves of 
TTq. As TsJ- is tangent to the fibers of 7r2 the differential of the projection 
0772 satisfy 

D7T2{TsT) = 0 . 

Then, comparing dimensions of tangent spaces we get 

dim(sing(T')) > dim + dim S' = dim 

obtaining a contradiction, so sing(J^) cannot be dominant over S. □ 

Putting together the last two lemmas we obtain the following. 

Proposition 4.4. Let T he an isotrivial unfolding of a foliation J-q on a 
non-singular variety X parametrized by a non-singular variety S, such that 
dim(sing(J')) < dim(T') — 1. Set Y = X \ sing(J'o)- Then there is an open 
set U C S such that the restriction of X to Y xU is a transversal isotrivial 
unfolding. 


5. Unfoldings of Foliations by curves 

Now we are in conditions of applying the results of Section 0 to foliations 
on P”. Let be a foliation of degree d in projective space P"". If the 
condition 


{n- q - l){q + 1) > q + 2 






is satisfied, we are in the situation of Remark l3.2l . Then there is an open 


set U of Gr”^^ and a projection p : P" P'J+i trivializing the incidence 
correspondence, in such a way that we get a diagram 


pg+l X U 



P” U. 


And through each point in U passes a closed subscheme V C U such that 
'7r*T'|pg+ixy is an isotrivial unfolding of a foliation by curves Xq in P'J+^ 
parametrized by V. Indeed, we can get Xq by taking a plane P representing 
a point in V and so we have Xq = p{X\p). We can further restrict V to 
its reduced structure and then even more to the non-empty open set 
of regular p oint s of in order to be able to apply Proposition l4.4l . By 
Proposition l4.4l . there is an open subset Y of P'J+^ and an open subset W of 
such that the restriction of -k*X\ fq+i^y to U x VP is a transversal and 
isotrivial unfolding of Xq\y. Now, we have two possibilities, either Xq have 
rational infinitesimal symmetries or not. 

If Xq have no rational symmetries, then the sheaf out(J-o) is trivial. 
Then, because of the short exact sequence 


0 —> TXq —> ciut(T'o) —> u(T'o) —> 0, 
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also u(Jo) = 0- As was said before, by Proposition UA we can restrict the 
unfolding ■K*J^\fq+i^y lo Y x VP in such a way that the unfolding is now 
transversal and isotrivial on y x W. Note that u(J^o|y) = u(J^o)|y = 0- So 
the unfolding is trivial and thus tt*J-\^ q+i is birationally equivalent to the 
pull-back of a foliation by curves on 

Notice also that foliations with no rational symmetries form a dense open 
set on PPfO(P‘'+\rP''+i(d - 1)), so either a dense open set of P € C/ verify 
that J-\p have no rational symmetries or, on the contrary, every P G [7 is 
such that J-\p have a rational symmetry. 

Summarizing we have proved the following. 

Proposition 5.1. Let J- he a degree d foliation in P” of codimension q. 
Suppose the condition 


{n-q-l){q+l) >{q + 2) 


d + <? + 1 
d 


d + q 
d-l 


is satisfied. Then there is an open set U C and a rational morphism 

P'1+1 X P P” 


such that the following alternative holds. Either one have that for every 
q + 1-linear subspace P & U, the restriction P\p have rational symmetries; 
or there is, for each P in a dense open subset of U, a subvariety Vp 'T U 
of codimension at most (g + 2 )such that 7r*P|pij+ixVp 'is the 
pull-back of a foliation by curves on 

In codimension 1 we can improve this result. 


Theorem 5.2. Let P he a foliation of codimension 1 and degree d on 
P’^(C). Suppose dim(sing(P)) < n — 2 and the condition 


2(n-2) > 3 


d + 2 
d 


d + 1 
d-l 


is satisfied. Then we have the following alternative: 

(1) Either there exist an open subset U of Gr^"''^, and a map tt : U x 

]p 2 pn gyg/j Jqj. ggg/j p £ u there is a subvariety Vp C U 
containing P and of codimension at most such that 

7r*P|p2xVp is pull-back of a foliation by curves on P^. 

(2) Or there are holomorphic varieties S and Y and a meromorphic 
map with discrete (not necessarily finite) generic fiber, </> : 5xP^ —>■ 
P”, such that (j)*P has a meromorphic first integral. 


Pro of. The inequality in the hypotheses allow us to apply Proposi- 
Then, either we have the map vr, and subvarieties Vp as in Propo- 


tion 

5 

1. Then, 

sition 

5.1 or we 


5.ll or we have that for every 2-dimensional linear subspace P C 


the restriction P\p is a foliation with rational symmetries. 
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In the second case J-\p, has a rational integrating factor /. Then, by 
[3], if we take p :Y P\ Div(/) to be the universal covering map, p*F\p 
has a first integral. 

Then {p x id)*(/>*J^ is a transveral isotrivial unfolding of a foliation over 
Y parametrized by 5. It is an unfolding of a foliation with a first integral. 
As {p X id)*(p*P is the unfolding of a foliation with a first integral defined 
on a simply connected space, then by [111 5.3], {p x id)*(p*J- has itself a first 
integral (Suwa’s original result implies the existence of a local first integral, 
which we can extend globally on account of Y being simply connected). □ 

We can express this result more succinctly as follows. 


Corolla ry 5 .3. Let P be a foliation in P’^(C) satisfying the hypotheses of 
Theorem \5.d . Then either P is given by a closed rational form or a generic 
leaf of P contains algebraic varieties of codimension at most — (^1}). 
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